In this paper, we study asymptotic behavior of solution near 0 for a class of elliptic problem. The uniqueness of singular solution is established.
Introduction
In this paper, we study the elliptic equation ∆u + K(|x|)u p + µf (|x|) = 0, (1.1) where n ≥ 3, ∆ = Σ
is the Laplace operator, p > 1 is a constant, µ ≥ 0 is a parameter, and f and K are given locally Hölder continuous function in R n \ {0}, so that the solutions of (1.1) are classical on 0 < |x| < ∞. However, at x = 0, when K is "bad", usually we cannot expect the solutions to be differentiable, or even continuous owing to the singularity of K at x = 0. Let u be a solution of (1.1), the singular point x = 0 of u is called a removable singular point if u(0) ≡ lim x→0 u(x) exists, otherwise x = 0 is called a nonremovable singular point. It is shown by Ni and Yotsutani [13] that when x = 0 is a removable singular point of a solution of (1.1), the existence of the derivatives of the solution depends on the "blow up" rate of K at x = 0 [13, Proposition 4.4] .
Let u ∈ C 2 (R n \ 0) be a solution of (1.1). If x = 0 is a removable singular point of u, then u is said to be a regular solution of (1.1), otherwise u is said to be a singular solution.
The purpose of this paper is to study the asymptotic behavior of singular positive solutions and to obtain the uniqueness of singular positive solutions of (1.1) which has diverse physical and geometrical backgrounds. In particular, in the case K = 1 and p = 2, (1.1) arises naturally in establishing occupation time limit theorems for superBrownian motions which requires analyzing cumulant generating functions satisfying some integral equations equivalent to the parabolic counterparts of (1.1). There are many works devoted to the studying the existence, monotonicity and asymptotic expansion at infinity of positive solutions of the equation (1.1). We refer the interested readers to [2, 3, 4, 6, 7, [9] [10] [11] [12] and the references therein.
In this paper, we consider positive radial solutions of (1.1) with radial functions K, f . The radial version of (1.1) is of the form
For the same reasons, the regular solutions that have finite limits at r = 0, are particularly interesting , which lead us to consider the initial value problem
We use u α = u(r, α) to denote the unique solution of (1.2).
First, we introduce the following notations, which will be used throughout this paper:
, n > 10 + 4l, ∞, 3 ≤ n ≤ 10 + 4l.
The hypotheses of K(|x|) are often divided into two cases: the fast decay case and the slow decay case. In this paper, we will focus on the slow decay case, i.e. K(r) ≥ cr l , for some l > −2 and r large. First, let us introduce a collection of hypotheses on K(|x|) and f :
Our main result is as follows:
2) has one and only one singular solution U(r), Furthermore, for any regular solution u(r), the following holds
This paper is organized as follows. In Section 2, the asymptotic behavior of singular positive solution of (1.2) near 0 is studied. Finally, the uniqueness result about the singular positive solution is established.
Asymptotic behavior of singular solution near 0
In this section, we obtain the asymptotic behavior of the positive radial solution of (1.2) near 0. First, we obtain the prior estimates of the positive solution of (1.2) near 0.
Lemma 2.1. Let p > 1 and u be a positive solution of (1.2) in B r \ {0}. Then, there exists a positive constant R such that for 0 < r < R, u(r) ≤ Cr
then, there exists a small positive constant r k < r such that
Integrating (2.1) over (0, r), we have u(r) ≤ Cr 
Proof. Denote v(t) := r m u, t = log r, then
where a = n − 2 − 2m, k(t) = e −lt K(e t ) and g(t) := e (m+2)t f (e t ). Suppose that
Then, there exist two sequences {η i } and {ξ i } going to −∞ as i → −∞ such that {η i } and {ξ i } are local minima and local maxima of v, respectively, satisfying η i < ξ i < η i+1 , i = 1.2, .... Define an energy function
Now, multiplying (2.2) by v ′ (t) and integrating by parts over [t, T ] (T is a constant) we obtain
Assume that f, K satisfy (f.1), (K.1) and (f ′ .2), (K ′ .2) and p > n+2+2l n−2
, from (2.4), we have
Since v is bounded, E(η i ) is bounded independently of i and [
are bounded independent of i which implies that
. It follows from (2.4) and (2.5) that E = lim t→−∞ E(t) exists, which in turn from (2.3) implies v ′ (t) is bounded. Then, from (2.2), v ′′ (t) is bounded also and from (2.5),
we choose α < γ < β and 
Proof. First, we claim that there exists a constant β > 0 such that u(r) = O(r −m+β ) near 0. Set v(r) = r m u(r) for r > 0 and
and for any ε > 0, there exists
On the other hand, for 0 < ε < n − 2 − m, let ϕ ε (x) = |x| βε we have
and r m f r βε−2 → 0 as r → 0.
So there exists an
Observing that the coefficient of the term v in L ε is negative, we conclude by the maximum principle that v − C ε ϕ ε ≤ 0 for 0 < r ≤ R ′′ ε , i.e. v(r) ≤ C ε r βε near 0. This guarantees that u(r) ≤ C ε r −m+βε near 0. Since, there exists a sequence t i going to −∞ such that v ′ (t i ) → 0 with r i = e t i , then, r By (1.2) and (2.6), we observe that
for 0 < r ≤ R. Integrating (2.7) over [r, R], and changing the order of integration, we have
(2.8)
Then, for small r > 0, If −m + pβ > 0, then u(r) = O(1) near 0. Otherwise, repeating the above arguments with β replace by pβ leads to −m + p 2 β < 0 and in turn −m + p k β < 0 for any positive integer k, which is absurd. Therefore, we have u(r) = O(1) near 0. The proof is completed.
Uniqueness of singular solution
In order to prove the Theorem 1, we need following Lemma
